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ABSTRACT
This article addresses the no-wait permutation flowshop layout where the
jobs must be processed continuously in the available machines without
interruption. The objective function is weighted quadratic tardiness min-
imization. Since the problem under study is NP-hard, an iterated greedy
algorithm is introduced where the parameters are selected according to
a variable neighbourhood descent framework. In the authors’ innovative
algorithm, in the first iteration of the search process, the parameters are ini-
tialized with a fixed number. In the remaining iterations, such parameters
are reduced deterministically, aiming to explore distinct values throughout
the search process. The proposal is compared with five other algorithms
proposed for closely related problems, considering two performance mea-
sures: the Relative Deviation Index (RDI) and the Success Rate (SR). The pro-
posed algorithmproduced average values of RDI and SR of 1.2% and 86.9%,
respectively. The computational results demonstrated that the authors’
proposal outperformed all the other five algorithms under comparison.
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1. Introduction

Given its several industrial applications, the no-wait flowshop scheduling problem has been widely
studied in the last few years. Commonly, the no-wait constraint appears in distinct real-world sce-
narios, such as in plastic, chemical and pharmaceutical production Allahverdi (2016). In the no-wait
flowshop environment, after the beginning of operations, n jobs must be processed continuously on
mmachines without preemption or interruption.

In the available literature on no-wait flowshops, most contributions are related to makespan (Ding
et al. “An Improved Iterated Greedy Algorithm,” 2015; Zhao et al. 2018, 2019; Miyata, Seido Nagano,
andGupta 2019; Nagano, de Almeida, andMiyata 2021) or total completion time (Ye et al. 2017; Della
Croce, Grosso, and Salassa 2021) performance measures. Nevertheless, in several practical contexts,
the consideration of problem due dates is more relevant to the greater satisfaction of customer needs.
Usually, total tardiness minimization is an interesting performance measure that considers due dates.
Nevertheless, a linearization of the tardiness measure can lead to distortions in the planning process.

Although linear tardiness considers all the jobs, this performance measure fails to evaluate the
distribution of tardiness among the jobs. In a real-world scenario, tardiness distribution may be
very important for planners. Large tardiness values are significantly penalized by weighted quadratic
tardiness, avoiding schedules where the majority of the tardiness is centred on one or a few jobs.
Several researchers have reported the importance of quadratic tardiness measures in production
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scheduling problems (Luh and Hoitomt 1993; Sun, Noble, and Klein 1999). Some studies have also
reported contributions for single-machine (Thomalla 2001; Schaller and Valente 2012; Valente and
Schaller 2012;Gonçalves, Valente, and Schaller 2016), parallel-machines (Hoitomt et al. 1990; Schaller
and Valente 2018) and flowshop (Costa, Valente, and Schaller 2020; Silva, Valente, and Schaller 2022)
environments.

Consider an illustrative example with five jobs wherein a given feasible solution for each job
presents a tardiness equal to one unit of time. Another solution occurs when four jobsmeet the estab-
lished due dates, and a single job has tardiness equal to five units of time. It can be observed that both
solutions present the same total tardiness value; however, they are distinct in managerial aspects.
In the first solution, there is an equilibrium in order fulfilment. On the other hand, in the second
solution, one of the customers is highly penalized. Linear total tardiness minimization is not able to
reflect such situations. Thereby, the consideration of weighted quadratic tardiness is of great practical
significance since this assumption potentially reflects more precisely the needs of the customers.

A new variant of the permutation flowshop scheduling problem is introduced with the no-wait
constraint and weighted quadratic tardiness minimization. The main contributions of the present
article are listed as follows.

• A Mixed-Integer Linear Programming (MILP) formulation for the variant under study is pro-
posed. This model is based on positional decision variables with a quadratic objective function.

• An Iterated Greedy (IG) algorithm with a random destruction mechanism – called a Random
Destruction Iterated Greedy (RDIG) algorithm – is proposed.

• An IG metaheuristic with dynamic selection of its parameters – called a Variable Iterated Greedy
Descent (VIGD) algorithm – is proposed.

• Extensive computational experimentation with a set of 800 test instances proposed by Ruiz and
Allahverdi (2009) is presented. Computational results pointed to the superiority of the present
authors’ proposed VIGD metaheuristic in comparison with several other solution approaches.

Here, the next sections of this article are described: in Section 2, the problem background is pre-
sented. In Section 3, the proposedMILP formulation for the problem is presented, while in Section 4
the proposed solution approaches are described. In Section 5, the results of computational experi-
ments are presented and discussed, and finally, in Section 6, some conclusions and suggestions for
future works are addressed.

2. Related literature

Several studies have reported results related to the no-wait flowshop scheduling problem
(Allahverdi 2016). Nevertheless, studies addressing the weighted quadratic tardiness objective are
quite limited in the available literature. Thereby, some related approaches to the problem under study
are presented.

Costa, Valente, and Schaller (2020) presented the first study on the permutation flowshop to min-
imize the weighted squared tardiness. Several dispatch rules, as well as improvement procedures,
were proposed. Computational results demonstrated that the algorithms developed for quadratic
tardiness outperformed the algorithms available for the linear case. Considering this same envi-
ronment, Silva, Valente, and Schaller (2022) presented an MILP model and four metaheuristics as
solution approaches. The four considered metaheuristics were Iterated Local Search (ILS), IG, Vari-
able Greedy (VG), and Steady-State Genetic Algorithms (SSGAs). Computational results showed that
the IGmetaheuristic presented the best results in comparisonwith the other evaluatedmetaheuristics.

Concerning the no-wait flowshop with tardiness-related objectives, the following contributions
are summarized. Ruiz and Allahverdi (2009) studied the no-wait flowshop problem minimiz-
ing a weighted sum of makespan and maximum lateness. Several solution procedures were pre-
sented, such as dominance relations, constructive algorithms and metaheuristics. Aldowaisan and
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Allahverdi (2012) addressed the m-machine no-wait scheduling problem for total tardiness mini-
mization. Fourmetaheuristics were developed as solution approaches. The computational experience
highlighted that the Further Improved Simulated Annealing (FISA) algorithm was the best. Even
considering the no-wait flowshop with total tardiness minimization, Ding et al.“Accelerated Meth-
ods for Total Tardiness,” (2015) proposed an acceleration procedure for the NEH algorithm (Nawaz,
Enscore Jr, and Ham 1983). Two IG metaheuristics were proposed with this ANEH algorithm as
the initial solution. Aldowaisan and Allahverdi (2015) introduced the no-wait flowshop scheduling
problem with sequence-independent setup times with total tardiness minimization. Four meta-
heuristics were proposed, and the Further Improved Genetic Algorithm (FIGA2) presented the
best results. Allahverdi, Aydilek, and Aydilek (2020) considered the no-wait flowshop scheduling
problemwith sequence-independent setup times with an upper bound to themakespan. A block sim-
ulated annealing metaheuristic was developed as the solution procedure. Lin, Lu, and Ying (2018)
addressed the no-wait flowshop minimizing the sum of makespan and total weighted tardiness.
A novel metaheuristic called the Cloud Theory-based Iterated Greedy (CTIG) metaheuristic was
proposed.

Concerning the literature review, the following research gaps can be emphasized. A no-wait
flowshop to minimize the weighted quadratic tardiness was not reported, despite its practical and
theoretical importance. Additionally, the no-wait flowshop to minimize total tardiness has not been
sufficiently studied. Thus, there are still opportunities for the proposal of efficient solution procedures,
such as metaheuristics.

3. Mathematical formulation

Let n be the number of jobs to be produced on a set ofmmachines. For all the considered machines,
a permutation π represents a feasible sequence in which a given job j can be processed in position
k of this permutation. Each job j presents a processing time pij, a weight wj and a due date dj. A
job scheduled in position k of the sequence presents a completion time Cki on machine i as well
as a tardiness Tk, which can be determined by the following expression: Tk = max{Ckm − dk, 0}. In
addition, the no-wait assumption is considered where the processing operations of the jobs on the
available machines cannot be interrupted. Given these definitions, the problem under study is to find
the best sequence to minimize the total weighted quadratic tardiness for all the jobs. Amixed-integer
linear programming formutation with binary positional decision variables is proposed to control the
allocation of jobs in the production sequence (Stafford Jr and Tseng 2002; Stafford Jr, Tseng, and
Gupta 2005). The notation used hereinafter for the proposed model is presented as follows.

Indices

i: index for machines {1,2,. . . ,m}.
j: index for jobs {1,2,. . . ,n}.
k: index for positions {1,2,. . . ,n}.

Parameters

pji: processing time of job j on machine i.
wj: weight of job j.
dj: due date of job j.

Decision variables

Tk: tardiness of job in position k.
Cki: completion time of job in position k on machine i.
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xjk =
{
1, if job j is in sequence position k
0, otherwise.

The resulting MILP model is as follows.

minimize
n∑

k=1

wkT2
k (1)

subjectto

Tk ≥ Ckm −
n∑
j=1

djxjk, ∀k (2)

C1,1 =
n∑
j=1

pj1xj1 (3)

Cki = Ck,i−1 +
n∑
j=1

pjixjk, ∀k,i>1 (4)

Cki ≥ Ck−1,i +
n∑
j=1

pjixjk, ∀k>1,i (5)

n∑
k=1

xjk = 1, ∀j (6)

n∑
j=1

xjk = 1, ∀k (7)

Tk ≥ 0, ∀k (8)

Cik ≥ 0, ∀i,k (9)

xjk ∈ {0, 1}, ∀j,k. (10)

The objective function (1) is the weighted squared tardiness minimization. Constraint set (2) calcu-
lates the tardness for each job processed in position k. If binary decision variable Xjk is equal to one,
the job j is scheduled in position k and the due date j is selected. Constraint (3) enforces that the
completion time of the first job on the first machine is equal to the processing time of the job in the
first sequence position onmachine 1. Constraints (4) and (5) ensure that the completion and starting
times are consistent with a no-wait flowshop environment. Constraint set (6) forces that a given job
is processed in a single position of the sequence. Constraint set (7) guarantees that a given position
in the sequence can receive one job. Finally, constraint sets (8), (9) and (10) establish the scope of the
decision variables.

4. Proposed solution approaches

4.1. Preliminary remarks

The IGwas proposed byRuiz and Stützle (2007) for the permutation flowshop tominimizemakespan.
In essence, the IG is composed of two stages: the first one is a destruction phase, in which a given
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permutation is destroyed, and the second one is a construction phase, in which the destroyed solution
is repaired. Usually, the new permutation is accepted using a probabilistic criterion (based on an SA
algorithm). Both stages are repeated considering some stop criterion, such as the number of iterations
or time limit.

The destruction procedure plays a key role in the performance of the IG algorithm. In this sense,
the parameter Q controls the number of jobs to be removed from the current permutation. Usu-
ally, this parameter receives a fixed value during the number of iterations. In the view of the present
authors, before several preliminary computational experiments, the consideration of a fixed Q value
presents some disadvantages, listed as follows.

• The consideration of a fixed value for Q implies a parameter to be calibrated.
• Throughout the search process, different values forQ can improve the solutions found. For exam-

ple, in the first iterations, higher values for Q can contribute to the diversification of the search,
and smaller values for Q can result in the intensification of the search in the last iterations.

• By means of variable values for Q, the IG can present a higher possibility of escaping from local
optima.

In the following subsections, two proposals are presented that aim to mitigate such disadvantages.
In the first algorithm, the parameter Q is selected from a given list in each iteration. In the second
one, the parameters of the IG algorithm are dynamically calibrated throughout the search process.

4.2. Randomdestruction iterated greedy (RDIG) algorithm

Based on the above considerations, a simple variant of the IG algorithm is proposed in which a
value for the destruction parameter from a list is randomly selected at each iteration of the search
process. Although this strategy does not consider the evaluated values of the objective function
and the number of iterations, its robustness could be verified based on preliminary computational
experiments.

At the begining of the search, an initial solution is generated using the well-known Earliest Due
Date (EDD) dispatch rule (Jackson 1955). This initial schedule is then improved with the NEH
algorithm. During a given time limit, the following operators are executed. First, a value for Q is
selected from a Qvalues list. Subsequently, the current schedule is destroyed, and a new permutation
is constructed based on the NEH algorithm. Thereafter, a 2-opt local search procedure is applied
with the best improvement strategy. Through this strategy, the entire neighbourhood is investi-
gated; therefore, the best objective value of this portion of the search space is returned. Figure 1
describes an illustrative example of the local search. Consider a test instance with ten jobs and
three machines. The initial solution is given by the permutation π = {2, 1, 3, 4, 5, 6, 7, 8, 9, 10}. The
first movement of the local search generates a new solution π = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} which
reduces the tardiness of several jobs. After that, the acceptance criterion is applied. Finally, the
generated solution is accepted according to the simulated annealing acceptance criterion. Bet-
ter solutions are always accepted, and worse solutions are accepted according to the following
probability:

R ≤ exp(f (π ′) − f (π))/T, (11)

where R is a random number between zero and one, π ′ is the generated solution, and π is the cur-
rent solution. If the current time is equal to the specified time limit, the algorithm is finished and
the best solution found is returned. Algorithm 1 describes the pseudocode of the proposed RDIG
algorithm.
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Data: p, d, Qvalues,T
Result: A schedule π

1 Generate an initial solution
2 Apply NEH algorithm
3 while current_time ≤ time_limit do
4 Randomly select the parameter Qv from the Qvalues list
5 Apply destruction operator
6 Apply construction operator
7 Apply local search
8 Acceptance criterion
9 end

Algorithm 1: RDIG algorithm.

Figure 1. An illustrative example of the local research approach.

4.3. Variable iterated greedy descent

In the RDIG algorithm, a fixed temperature value is adopted. Additionally, the number of iterations
is not considered to select the size of the destruction in the current permutation. Thus, a novel IG
metaheuristic is proposed considering a dynamic variation of both parameters.

The Variable Neighbourhood Search (VNS) algorithm applies several neighbourhoods in a ran-
domized way. The Variable NeighbourhoodDescent (VND)metaheuristic deterministically explores
the selected neighbourhoods (Mladenović and Hansen 1997; Hansen and Mladenović 2001). In this
context, the concept of VND is used to variate the parameters of the IG throughout the search pro-
cess. A linear decreasing of the parameters is considered, as suggested by Muller, Spoorendonk, and
Pisinger (2012). In each iteration of the search process, the parametersQ and T are determined using
the Equations (12) and (13), respectively:

Q =
⌈
Qstart − (Qstart − Qend) × tcurrent

tlimit

⌉
(12)

T =
⌈
Tstart − (Tstart − Tend) × tcurrent

tlimit

⌉
, (13)

where Qstart and Tstart are the parameter values at the beginning of the search, and Qend and Tend
are the values at the ending of the search. In addition, tcurrent is the current elapsed time in a given
moment of the search, and tlimit is the maximum run time.

Depending on the Qvalues list, the search process can be conducted with large values of the
destruction parameter in the initial iterations of the search process. After preliminary computational
experiments, it could be observed that the use of a local search iteratively resulted in worse results. In
this sense, the local search procedure is applied only before the while loop. A gradual reduction of the
number of jobs removed in the current permutation and the temperature to accept worse solutions
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contribute to diversification in the first iterations and intensification in the last ones. Another factor
to be highlighted is that, by using a range of values for the parameters of the algorithm, there is no
need for statistical parameter tuning since the values are evaluated during the search process.

Initially, a permutation is generated using the EDD dispatch rule, which is improved using the
NEH and 2-opt local search with the best improvement strategy. During a given run time, the
following operators are repeated iteratively. First, the parametersQ andT are determined using Equa-
tions (12) and (13), respectively. Thereupon, the destruction and construction operators are applied.
Finally, the generated solution is accepted based on the SA criterion, as expressed by Equation (11).
Algorithm 2 illustrates the pseudocode of the introduced VIGD metaheuristic.

Data: p, d, Qstart, Qend,Tstart,Tend
Result: A schedule π

1 Generate an initial solution
2 Apply NEH algorithm
3 Apply local search
4 while current_time ≤ time_limit do
5 Determine the parameters Q and T.
6 Apply destruction operator
7 Apply construction operator
8 Acceptance criterion
9 end

Algorithm 2: VIGD algorithm.

In the VIGD algorithm, the initial solution is improved with a 2-opt local search with the best
improvement strategy. Thus, the entire neighbourhood is explored, and the best solution is returned.
Taking this improved initial solution into account, the main loop of the VIGD is executed. Since
different values for the destruction of the permutation are explored, the computational cost of this
strategy is higher than the standard iterated greedy algorithm. Therefore, a local search procedure in
the main loop of the VIGD algorithm is not considered.

5. Computational experiments

5.1. Experimental design

The test instances proposed by Ruiz and Allahverdi (2009) were evaluated. In such problems, the fol-
lowing parameters are considered: the number of machines (m), the number of jobs (n), the tardiness
factor (TF), and the due date range (RDD). The total number of instance classes is given by 4 (m)× 5
(n)× 2 (TF)× 2 (RDD) = 80. Also, 10 test instances were randomly generated for each class, totalling
800 test instances. Since in the testbed proposed by Ruiz and Allahverdi (2009) there are no weights,
integer weights were generated from a uniform distribution U[1,10], as suggested by Silva, Valente,
and Schaller (2022). Table 1 summarizes the characteristics of the evaluated test instances.

The Relative Deviation Index (RDI) is adopted as a performance measure, since it is a standard
indicator for scheduling problems with due-date objectives (Fernandez-Viagas and Framinan 2015;
Karabulut 2016). Let H be a set of solution procedures, the RDI returned by the solution procedure
s ∈ H when applied to instance t is calculated as in Equation (14):

RDIst =
⎧⎨
⎩
0, if minh∈H Tht = maxh∈H Tht ,

Tst − minh∈H Tht

maxh∈H Tht − minh∈H Tht
× 100, otherwise, (14)

where Tst is the weighted quadratic tardiness value obtained by method s in instance t. In the present
case, minh∈H Tht is the best solution found among the methods under comparison. To summarize
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Table 1. Parameters of evaluated test instances.

Parameter Levels

Number of machines m ∈ {5, 10, 15, 20}
Number of jobs n ∈ {20, 40, 60, 80, 100}
Processing time distribution U[1,100]
Weight distribution U[1,10]
Tardiness factor TF ∈ {0.0, 0.6}
Due date ranges RDD ∈ {0.2, 0.6}

the computational results, the Average RDI (ARDI) for a given method is calculated by grouping the
RDI obtained across a given set of instances.

Furthermore, the Success Rate (SR) is considered as another performance indicator (Moccellin et
al. 2018; Pitombeira-Neto and Athayde Prata 2020). SR is calculated as the number of times that a
givenmethod finds the best solution (with or without a draw) divided by the number of test instances
in a given instance set, as expressed by Equation (15):

SR = nBEST
nINST

× 100 (15)

where nBEST is the number of instances in which a givenmethod achieved the best solution and nINST
is the number of instances in the given instance set.

For the MILP model, the commercial solver Gurobi (https://www.gurobi.com/) version 9.0.3 with
the JuMP library (https://www.juliaopt.org/JuMP.jl/stable/) (Lubin and Dunning 2015) is used. Ini-
tially, the MILP model was run for all the evaluated test instances. It could be observed that the
solutions provided by the MILP model taking the specified time limit into account were of low qual-
ity. Additionally, the MILP model failed to find a feasible integer solution in several test instances, so
the MILP model was removed from the computational results.

Since the problem under study has been addressed before in the previous literature, the proposed
metaheuristic method is compared with the best algorithms reported for the no-wait flowshop con-
sidering total tardiness-related objectives. All the metaheuristic algorithms are evaluated considering
the objective function (1) and the problem constraints (2)–(10).

Three variants of the IG algorithm are considered. The first one (IG1) is the metaheuristic pro-
posed by Ruiz and Allahverdi (2009) for the no-wait flowshop minimizing the makespan and maxi-
mum lateness. This algorithmwas adapted for the problemunder study considering the total tardiness
minimization as the objective function to beminimized. The remainder IG algorithms (IG2 and IG3)
are two parametrizations of the IG algorithm developed by Silva, Valente, and Schaller (2022) for
a flowshop to minimize the weighted quadratic tardiness. In the present experiments, the Variable
Greedy (VG) algorithm (Framinan and Leisten 2008) proposed by Silva, Valente, and Schaller (2022)
for a flowshop is also considered in order to minimize the weighted quadratic tardiness. With respect
to the RDIG, all the values suggested by Ruiz and Allahverdi (2007) were used to generate theQvalues
list. Concerning the VIGD, the maximal and minimal values of Q and T were the same as those
evaluated by Ruiz and Allahverdi (2007). The selected algorithms and the parameters adopted are
summarized in Table 2. It can be highlighted that the parameters of the algorithms IG1, IG2, IG3
and VG are fixed. Concerning the RDIG, the parameter T is fixed, and the parameter Q is randomly
selected from the Qvalues list in each iteration. Finally, the parameters of the VIGD are determined in
each iteration, as described in Equations (12) and (13).

All the methods were implemented using Julia version 1.6 (https://julialang.org/) with Visual Stu-
dio Code IDE (https://code.visualstudio.com/). The computational experience was performed on a
PC with a 4.20GHz Intel� Coretm i7-7700K CPU and 8GB of memory, with the Ubuntu 20.04 LTS
operating system. Since themethods under comparison are stochasticmetaheuristics, each algorithm
was run 10 times, and the average values were reported.

For all the evaluated methods, the following assumptions are considered for a fair comparison.



ENGINEERING OPTIMIZATION 9

Table 2. Parameters used in the evaluated algorithms.

Method Parameters Based on

IG1 Q = 4, T = 0.4 Ruiz and Allahverdi (2009)
IG2 Q = 7, T = 0.7, lsprob = 1 Silva, Valente, and Schaller (2022)
IG3 Q = 4, T = 1.0, lsprob = 0.1 Silva, Valente, and Schaller (2022)
VG size_prop = 0.7, lsprob = 0.7 Silva, Valente, and Schaller (2022)
RDIG T = 0.4, Qvalues = {2345678} the present authors’ proposal
VIGD Qstart = 8, Qend = 2, Tstart = 0.5, Tend = 0.0 the present authors’ proposal

Table 3. Average and standard deviation of RDI for n andm.

IG1 IG2 IG3 VG RDIG VIGD

m n Avg. St.Dev. Avg. St.Dev. Avg. St.Dev. Avg. St.Dev. Avg. St.Dev. Avg. St.Dev.

5 20 86.2 26.1 69.9 31.7 21.5 31.2 33.3 27.4 73.7 27.6 7.1 18.7
40 92.7 17.5 84.6 16.4 8.4 8.3 49.8 17.0 85.2 17.4 0.5 2.0
60 88.7 24.1 79.0 26.6 11.2 8.7 54.7 19.1 81.6 27.6 0.3 1.1
80 93.2 11.7 90.4 11.7 9.5 9.7 72.9 12.1 91.5 10.5 1.1 2.9
100 89.2 20.4 84.8 22.8 5.2 6.3 76.8 20.1 85.4 22.5 4.1 16.0

10 20 87.5 22.4 66.8 24.7 7.0 10.5 32.6 23.3 75.5 22.3 2.8 5.6
40 98.1 4.4 84.0 12.1 10.3 8.5 56.9 13.7 92.1 7.2 0.2 0.9
60 95.3 10.1 84.6 14.6 14.2 8.2 63.6 12.1 94.2 10.8 0.0 0.0
80 97.4 5.5 88.3 10.9 15.3 7.8 79.8 11.7 96.2 4.6 0.2 0.7
100 96.6 5.0 90.9 8.9 18.4 5.8 86.4 10.4 95.3 5.5 0.0 0.0

15 20 91.7 20.3 64.1 26.5 10.7 17.7 41.5 26.0 79.1 19.1 1.8 4.2
40 96.4 7.5 83.9 14.6 11.7 8.4 56.7 12.4 92.8 6.5 0.1 0.8
60 96.7 5.5 91.7 10.2 12.8 6.5 76.7 9.6 93.0 7.9 0.2 0.8
80 98.0 3.5 89.7 9.0 19.6 9.5 85.6 9.5 95.9 3.8 0.1 0.7
100 96.5 5.6 92.6 9.5 23.0 9.1 90.8 10.6 93.8 8.1 0.0 0.0

20 20 93.0 13.1 64.3 29.7 11.2 18.1 35.2 22.3 80.8 19.6 4.0 13.3
40 95.5 8.2 85.2 14.2 11.7 8.6 59.5 14.3 90.4 10.5 0.7 3.0
60 98.3 3.2 90.0 9.5 16.5 8.5 78.7 12.0 93.0 7.7 0.0 0.0
80 95.4 6.7 92.0 11.0 23.1 10.4 87.4 11.1 92.6 8.8 0.1 0.7
100 95.4 5.7 94.2 7.2 32.0 8.4 92.9 6.5 96.1 5.3 0.0 0.0

Min. 86.2 3.2 64.1 7.2 5.2 5.8 32.6 6.5 73.7 3.8 0.0 0.0
Max. 98.3 26.1 94.2 31.7 32.0 31.2 92.9 27.4 96.2 27.6 7.1 18.7
Avg. 94.1 11.3 83.6 16.1 14.7 10.5 65.6 15.1 88.9 12.7 1.2 3.6

• All algorithms are initialized with the dispatch rule. The jobs are scheduled by non-decreasing
order of their due dates. With this sequence, the weighted quadratic tardiness is calculated.

• The 2-opt with best improvement policy is used as the local search procedure, as described in
Section 4.2.

• The time limit tlimit = n × m/2 × 60 milliseconds is considered.

Aiming to measure the dispersion of the RDI values, the sample standard deviation σ is calculated
as in Equation (16), where RDIt is the RDI found for the test instance t, and nINST is the number of
evaluated test instances:

σ =
√

�(RDIt − ARDI)2

nINST − 1
. (16)

5.2. Results and discussion

Table 3 presents the results of average and standard deviation RDI values considering the number of
machines and jobs. Based on the achieved results, the following comments can be summarized.
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Table 4. Average and standard deviation of RDI for T and R.

IG1 IG2 IG3 VG RDIG VIGD

T R Avg. St.Dev. Avg. St.Dev. Avg. St.Dev. Avg. St.Dev. Avg. St.Dev. Avg. St.Dev.

0.0 0.2 93.3 11.2 83.3 17.7 13.4 11.9 66.5 23.0 89.8 12.3 0.9 3.5
0.6 89.0 20.4 80.8 23.0 12.6 11.0 63.1 25.5 84.8 21.0 1.3 7.6

0.6 0.2 97.3 8.3 85.2 19.2 16.3 14.5 65.6 26.4 91.8 13.4 1.1 6.1
0.6 96.7 10.8 84.9 19.3 16.5 15.5 67.1 25.5 89.3 15.9 1.4 8.6

Min. 89.0 8.3 80.8 17.7 12.6 11.0 63.1 23.0 84.8 12.3 0.9 3.5
Max. 97.3 20.4 85.2 23.0 16.5 15.5 67.1 26.4 91.8 21.0 1.4 8.6
Avg. 94.1 12.7 83.6 19.8 14.7 13.2 65.6 25.1 88.9 15.7 1.2 6.5

• IG1 returned the worst results in the most evaluated test instances. In average terms, IG1 is not
competitive in comparison with all the other methods.

• IG2 returned better results than the IG1 algorithm. Nevertheless, this solution procedure is
outperformed by the remainder of the algorithms under comparison.

• IG3 presented better objective function values than the IG1, IG2, VG and RDIG algorithms. On
the other hand, this solution approach has not returned better results than the present authors’
proposed VIGD algorithm.

• The VG algorithm presented better weighted squared tardiness than the IG1, IG2 and RDIG algo-
rithms. However, this solution procedure is not better than IG3 and VIGD solution approaches.

• RDIG is not competitive for the evaluated test instances, only presenting better solutions than the
IG1 algorithm. RDIG is almost equal to IG1. They only differ in the mechanism of selection of the
jobs to be removed from the current permutation. It can be observed that the random selection
for the destruction parameter of RDIG presented better results than the fixed strategy of IG1.

• The proposed VIGD presented the best results among all the other methods under comparison.
It can be observed that VIGD returned ARDI values near zero on several sets of test problems.
Furthermore, the VIGD algorithm presented the best solution for all instances with 10 machines
and 100 jobs, 15 machines and 100 jobs, 20 machines and 60 jobs, and 20 machines and 100 jobs.

Table 4 describes the averages and standard deviations of RDI considering the tardiness factor T and
the range of due dates R. In view of such results, the following observations can be emphasized: all
the methods under comparison demonstrated a greater difficulty in solving test instances with values
of T equal to zero than instances with T equals to 0.6. Concerning the R values, no clear trend is
observable.

Based on the results described in Tables 3 and 4, it can be observed that the ARDI values of IG1,
IG2, IG3, VG and RDIG are much higher than those of VIGD. This is because the VIGD algorithm
explores distinct values of the parameters of destruction and temperature throughout the search. In
the first iterations of the search process, the VIGD algorithm selects high values for Q and T, which
implies greater diversification. In the last iterations, smaller values for Q and T are selected, result-
ing in greater intensification. This strategy based on a VND algorithm has proved to be effective to
improve the results of a standard IG.

Table 5 describes the average SR for n values. On the basis of the achieved results, the following
points can be highlighted.

• IG1, IG2, and RDIG presented average SR values smaller than 1.0%. Thus, the number of test
instances in which such solution approaches are competitive is reduced.

• VGpresented a slightly better average success rate than the previous solution approaches; however,
this value still is much lower than the average values returned by IG3 and VIGD algorithms.
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Table 5. Average SR for n values.

n IG1 IG2 IG3 VG RDIG VIGD

20 0.6 2.5 36.3 5.0 0.0 65.6
40 0.0 0.0 8.8 0.6 0.0 91.9
60 1.3 1.3 5.6 1.9 0.6 95.0
80 0.0 0.0 7.5 0.0 0.0 92.5
100 0.6 0.6 10.6 0.6 0.6 89.4
Min. 0.0 0.0 5.6 0.0 0.0 65.6
Max. 1.3 2.5 36.3 5.0 0.6 95.0
Avg. 0.5 0.9 13.8 1.6 0.3 86.9

Figure 2. Boxplots for average RDI values.

• IG3 presented better average success rate values than the previous algorithms. The best behaviour
of this algorithm occurred in the test problems with 20 jobs, where the SR was approximately 36%.
In the test problems with 40, 60, 80, and 100 jobs, the average success rates are closer to 10%.

• The proposed VIGD returned the better average success rate values for all the sets of instances.
For the test problems with 40, 60, 80, and 100 jobs, the obtained success rates are closer to 90%.

Aiming to evaluate if the difference among the solution procedures under comparison is statisti-
cally significant, ANOVA and Tukey tests were performed. Figure 2 illustrates the boxplot for ARDI
values, and Figure 3 illustrates the Tukey confidence intervals for ARDI values.

Figure 2 describes a pairwise comparison between all the methods under evaluation. From this
figure, the following results can be emphasized:

• The IG1 algorithm returned worse results than all the other methods under comparison.
• The IG2 algorithm returned better results only than the IG1 algorithm.
• The difference between the results of RDIG and VG is not statistically significant.
• The IG3 algorithm is outperformed only by the VIGD.
• The VIGD algorithm outperformed all the other algorithms under study.
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Figure 3. Tukey confidence intervals for ARDI values.

The ANOVA test returned a statistics F = 1956. Since this value is much higher than the critical
value of 4.39, the difference among the solution procedures is statistically significant. With respect
to the presented statistical analysis, it can be observed that the proposed VIGD outperformed all the
other solution approaches under comparison with statistically significant differences.

6. Final remarks and perspectives

In this article, a no-wait permutation flowshop with weighted quadratic tardiness minimization is
introduced. A mixed-integer linear programming formulation with positional decision variables and
a quadratic objective function is presented. First, an iterated greedy algorithm that randomly selects
the destruction parameter througout the search process is developed. Furthermore, a novel iterated
greedy metaheuristic that dynamically variates the parameters of the number of jobs to be removed
from the current sequence and the temperature is proposed.

Computational experiments were carried out to evaluate the performance of the proposed algo-
rithms. The relative deviation index and the success rate are used as performance measures. Com-
putational times were not applied for comparison purposes since all the methods under comparison
were run with the same time limit. In most evaluated test instances, the IG1 metaheuristic provided
the worst solutions. On the other hand, the proposed VIGD presented the best solution in most of
the evaluated instances.

As extensions of this work, the evaluation of the proposed VIGD in other combinatorial optimiza-
tion problems (Sakuraba and Yagiura 2010; Sakuraba et al. 2015) can be recommended. Another
research avenue is the consideration of weighted quadratic tardiness in other permutation flow-
shop variants. Furthermore, future studies could also consider other strategies for evaluating the
parameters of the iterated greedy algorithms.
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